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O . 

CN . The condensation rank associates any topological space with a unique ordinal number. In 

' 

p • this paper we prove that the condensation rank of any infinite dimensional injective Banach 
I space is equal to or greater than the first uncountable ordinal number. 
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1 Introduction 

Topological derivative has been used as a tool for the understanding of topological spaces 



> 



^ ! and classification of Banach spaces, see e.g., IH [21 El [H] , for some recent and relevant results 
'sf . see e.g., [11 El El IB]- Topological derivative is a Borel derivative that it derives the limit 
^ ■ point derived set of a set. In this paper we define a Borel derivative that it derives the 
condensation derived set of a set and call condensation derivative. Indeed, one generally 
expects to have the iterative condensation derived sets of any given set converged much 
faster than that of the corresponding iterative limit point derived sets of the given set. 
One, however, should notice that the limit point rank of the real line and also the infinite 
dimensional Banach space /oo(N) is both the first uncountable number Q. In other words, 
the limit point rank can not distinguish between the real line and loo{N). This is, of course, 
different from condensation rank; CR{R) = 1 while CR{loo{N)) = Q. This is our fundamental 
justification for defining condensation derivative and its associated rank. This paper indeed 
also raises the possibility of using condensation derivative, and its generalized derivatives 
associated with arbitrary infinite cardinal numbers, as a tool for better understanding and 
the classification of classical Banach spaces. 

A second motivation for defining condensation derivative and its rank is for its appli- 
cation in obtaining a measure theoretical version of Aleksandrov's Theorem, see [T2] . 
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In 1916, P. S. Aleksandrov proved that any uncountable Borel set in a separable complete 
metric space contains a nonempty perfect subset. One year later, M. Ya. Suslin introduced 
the class of anal5d;ic sets for which Aleksandrov' s Theorem was readily extended to this class 
of sets, see e.g. [T1[T11[T6]. Since then, perfect sets in complete separable metric spaces have 
been studied extensively. One, however, might not find many results in general Hausdorff 
topological spaces because there are not enough tools to construct Cantor and perfect sets 
from application of Aleksandrov and Cantor's ideas. In order to make such construction 
possible we have recently defined the condensation derivative, see pT]. The condensation 
derivative is a Borel derivative which is measure-preserving on closed, but not Fo-, subsets 
of any non-atomic regular Borel measure space. A "sufficient" number of iterations of the 
condensation derivative function composed on a suitable set approaches a perfect set; a suf- 
ficient number here refers to a sufficient large ordinal number. The necessary number of 
iterations depends on the initial set and the topological property of the whole space. This 
has led to the notion of the condensation rank of topological spaces, see [H] and also c.f. 
[6] for the classical rank due to Cantor-Bendixson. The measure-preserving property of the 
condensation derivative and its iteration up to the condensation rank of the space provides 
a sufficient tool to prove a modified version of the Aleksandrov's theorem: a set with finite 
and positive measure in any regular non-atomic Borel measure space contains a perfect set 
whose measure is positive. It is also shown that for any ordinal number, say a, there exists 
an appropriate totally imperfect Hausdorff topological space whose condensation rank is a. 
In the case of non-limit ordinal numbers, the space can be a totally imperfect "compact" 
space, see [11]. Some relevant discussions and applications in locally compact groups are also 
presented in [12] . However, there has not been any discussion on or result of the condensation 
rank of Banach spaces. 

In the next section we define the condensation derivative and the condensation rank. 
We also provide some necessary preliminary results from [Til 112] • In section |3l we present 
our main result, that is, the condensation rank of any infinite dimensional injective Banach 
space is equal to or greater than the first uncountable ordinal number. 

2 The condensation rank, derivative and perfect sets 

Let X be a Hausdorff topological space. A Borel derivative on 2"^ is a Borel map D : 2"^ — )■ 2^ 
which is monotone on the closed subsets of X, i.e., D{K) C K for any closed set K. For 
a Borel derivative D : 2^ ^ 2^ and an ordinal number a, the a-th iterated derivative 
: 2^ -> 2^ is defined inductively as follows: D^{K) = K, D'^+^K) = D^D^'^K)) and 
D'^i^K) = f]i^^^D^{K), for limit ordinal number a. Each D'^ is a Borel map, c.f [5J, where 
the Borel complexity of the iterations is investigated. An illuminating presentation of Borel 
derivatives is given by Kechris [13] . 



A point p G X is called a condensation point of A C X if any neighborhood of p contains 
an uncountable number of points from A. We refer to the set of all condensation points of A 
as the condensation derived set (CDS) of A and denote CD for the condensation derivative, 
that is a set valued function, which maps any set to its CDS. 

Lemma 2.1. CD is a Borel derivative and for any set A, there exists an ordinal number ao 
which, CD"(A) = CD"" (A), for any a y ao- Iit- addition, CD"°(y4) is a perfect subset of the 
perfect kernel of A. 

Note that the maximal perfect subset of the closure of a set is called its perfect ker- 
nel. Denote as the least ordinal number among those which satisfy Lemma 12. 1[ Then, 

{CD"(A)}:^i ^ is a strictly descending chain. 

Definition 2.2 (The condensation rank). We refer to an ordinal number as the condensation 
rank, CR(X), of the topological space X, when CR(X) = sup{ayi|A C X}. Thus, we have 
CD^ = CD^+\ in which (3 >z CR(X). 

The idea of the CR defined here is similar, but not identical idea, to the idea of classical 
rank due Cantor-Bendixson, c.f. [6j. 

Theorem 2.3. Let X be a Hausdorff topological space. When X is a locally compact space 
or a complete metric space, any perfect set in X is the invariant set of CD. In addition, if 
set A is such that 

^ C A U CD{A) C A, 
where H is a perfect set. Then, there is an ordinal number where 

HCP = CD"«(A) = CD"(A), where a >z ao- 
In fact, P is the nonempty perfect kernel of A and the invariant set of CD. 
Remark 2.4. Let us now recall the following facts: 

1. Any non-limit ordinal number a can be associated with an appropriate totally imperfect 
Hausdorff compact space whose CR is a, see [11]. Note that the CR of any totally 
imperfect Hausdorff compact space is not a limit ordinal number. 

2. In a metric locally compact space, any CDS of any uncountable closed set is an invariant 
perfect set for CD. It, however, may be the void set. Indeed, even a non-discrete metric 
locally compact group space may contain an uncountable totally imperfect closed set, 
see [12]. 

3. Let a = CR{X), P = CV^i^X), X a Hausdorff regular space and X/ P be the associated 
quotient topology. Then, CD°'~^^{X/P) = and CR{X/P) = a or a + 1. Furthermore, 
let Ti C T2 be totally imperfect Hausdorff topologies on X. Then, CR'^^{X) > CR'^^{X). 



4. Assume CD" (A) D CL)°+i(A) D CD'^+^{A) for an ordinal number a. Then, |CL)"(A)\ 

Proposition 2.5. Let X be a discrete, second-countable, separable Banach space or a metric 
locally compact space. Then, the condensation rank of X is the first ordinal number. 

Proof. This is a straightforward result from Theorem 12.31 and the fact that any metric locally 
compact space is locally second- count able. □ 



3 The condensation rank of injective Banach spaces 

We first determine the condensation rank of Zoo- This is indeed our main nontrivial result of 
this article. 

Lemma 3.1. The condensation rank o/ Zoo is the first uncountable ordinal number fli, i.e. 
CR(Zoo) = fli. In addition, 

{CR{A)\A C Zoo,^ is a totally impefect closed set} = 

Proof. Let Ki denote the first uncountable cardinal number. It is not too difficult to see that 
CR(Zoo) ^ ^1, since otherwise with Cantor's Theorem and Remark 12.41 we have 

which is a contradiction. We first apply transfinite induction on ordinal number a in which 
a -< Q. Then, we separately deal with the case a = Q. 

Although for a = 1 the proof is trivial, we still need to consider the case a = 2. We 
consider a real number, a e M, and the natural numbers sequence {rajj^j^ = (1,2,3, ■■■). 
Denote the set of all subsequences of {n}^^^ with = E{„}«=_^. For a natural number m 
and a sequence {uk}'^^^ G S^, define 



Consider 



a + 1/m if n = Ur 
a otherwise. 



A2 = A2{a) 

= {{a2(a,m,K}~0}~ Jm G AT, {n,}- , G 

|J{(a,a,a, ■■■)}, 

then A2 is an uncountable closed subset, where P = {{a, a, a, ■ ■ ■)} = CD(y42) and CD^(y42 
CD(P) = 0, i.e. CR(A2) = 2. By theorem 12. 3[ A2 is a totally imperfect closed set. 
Note that it is easy to modify ^2(0) to obtain the closed set 

A2({a„}- J C Zoo 



such that 

CD(A2({a„}^=i)) = {{a„}^=J, where {aj^^^ e Zoo- 
Now let q; be a non-hmit ordinal number a, in which 

For a sequence G ylg+ilo), a natural number iV e N and a sequence {nfcj^i € S^, we 
define 

< = <{{bn}^=i,N,{nk}^^,) 




bn + l/N if n — Uk 
bn otherwise 



and 

AM = {{a^({6„},iv, K})}|{6„}~ 1 e ^+i(a),iV e N, K} G E^j. 

Then, we have CD(Ac,(a)) = A^+i and CD^+^(^c.(a)) = {(a, a, a, • • • )}, i-e. CD(A«(a)) = 
^ + 2. 

Now consider a non-limit ordinal number a such that 

where ^ is a hmit ordinal number. Let the set {9n\n e N} be the set of all (possibly 
rearranged) non-limit predecessor ordinal numbers of 9. Thus, if 

oo 

^a(o) = IJ Ae„(a + l/n), 

n=l 

then we have CD^{AM) = {(a, a, a, • • • )} and CR(Ac,(a)) = 61 -Fl. 
For a limit ordinal number a, we define 

oo 

= U (a + n) U {(a, a, a, • • • )}, 

n=l 

in which {an\n e N} is the set of (possibly rearranged) PONs of a. Hence, 

CD""(^«(a)) ^ and CD"(yla(a)) = 0. 

Therefore, transfinite induction is complete. It is easy to modify the above to obtain 
Aa{{an}'^=i) for any ordinal number a ^ Qi and {an}^i G /oo, such that CD" {Aa+i{{(i"n}'^=i)) = 

{{«n}5f=l}. 

Finally, for constructing A^^, let Ai = {(ari)^i|a„ G {0, 1}} and 



*:[l,Qi)^A 



be a bijective function. Then, define 

Au. = U {a4vI/(«))}, 

and thereby we have 

CD"(v4f^J ^ 0, where a ^ fii, and CD^^{A^,) = 0. 

It can be seen that is a totally imperfect closed set and CR(y4f7j = This completes 
the proof. □ 

Let us now recall a well known Theorem from [15]. 

Theorem 3.2. /i5, Theorem 2.f.3] Every infinite- dimensional injective Banach space has a 
subspace isomorphic to l^o- 

Note that Theorem 13.21 implies that such a subspace is a completed "closed" subspace 
isomorphic to /qo- The following is our main result in this paper. 

Theorem 3.3. Let X be an infinite dimensional injective Banach space. Then, CR(X) >z 
Qi, where Qi is the first uncountable ordinal number. In addition, 

{CR{A)\A CX,A is a totally impefect closed set} 3 

Proof. This is straight forward based on Theorem 13.21 and Lemma 13.11 □ 

Note the fact that the limit point rank is unable to properly distinguish between the 
real line and infinite dimensional injective Banach spaces, it signifies the necessity to define 
the condensation rank which delicately addresses this issue. Therefore, this may also imply 
the necessity to define condensation derivatives according to arbitrary cardinals. 

Problem 3.4. For any infinite cardinal number K we can define 'R- condensation point. Ac- 
cordingly, we can define K-CR(X). Let K = 2l'"l and ^1^ denote the first ordinal with having 
K number of predecessors. Then, is it correct to say that K — CR(/oo(r)) = fi^ ? 

4 An invitation message 

It is my opinion that this draft still needs some works for a descent publication. However, 
I have not continued to work on this subject since September 2005. This is mainly because 
my research area and expertise is now very far from this subject. I do not have a concrete 
plan to work on this subject in a foreseeable future. Thus, I hereby invite any potential 
reader of this article for his or her feedback and critical comments as well as any possible 
joint collaboration on improvement of these results for a joint publication. 
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